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ON APPROXIMATE N-RING HOMOMORPHISMS AND N-RING
DERIVATIONS
M. ESHAGHI GORDJI
Abstract. Let A,B be two rings and let X be an A−module. An additive map h : A→
B is called n-ring homomorphism if h(Πn
i=1
ai) = Π
n
i=1
h(ai), for all a1, a2, · · · , an ∈ A.
An additive map D : A→ X is called n-ring derivation if
D(Πn
i=1
ai) = D(a1)a2 · · · an + a1D(a2)a3 · · · an + · · ·+ a1a2 · · · an−1D(an),
for all a1, a2, · · · , an ∈ A. In this paper we investigate the Hyers-Ulam-Rassias stability
of n-ring homomorphisms and n-ring derivations.
1. Introduction and preliminaries
Let A,B be two rings (algebras). An additive (linear) map h : A → B is called n-
ring homomorphism (n-homomorphism) if h(Πni=1ai) = Π
n
i=1h(ai), for all a1, a2, · · · , an ∈
A. The concept of n-homomorphisms was studied for complex algebras by Hejazian,
Mirzavaziri, and Moslehian [12] (see also [7], [9], [10], [22]).
Let A be ring and let X be an A−module. An additive map D : A→ X is called n-ring
derivation if
D(Πni=1ai) = D(a1)a2 · · · an + a1D(a2)a3 · · · an + · · ·+ a1a2 · · ·an−1D(an),
for all a1, a2, · · · , an ∈ A. A 2-ring derivation is then a ring derivation, in the usual sense,
from an algebra into its module. Furthermore, every ring derivation is clearly also a n-ring
derivation for all n ≥ 2, but the converse is false, in general. For instance let
A :=


0 R R R
0 0 R R
0 0 0 R
0 0 0 0


then A is an algebra equipped with the usual matrix-like operations. It is easy to see that
A3 6= 0 = A4.
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Then every additive map f : A → A is a 4-ring derivation.
We say that a functional equation (*) is stable if any function f approximately satisfying
the equation (*) is near to an exact solution of (*). Such a problem was formulated by
S. M. Ulam [26] in 1940 and solved in the next year for the Cauchy functional equation
by D. H. Hyers [13] in the framework of Banach spaces. Later, T. Aoki [2] and Th. M.
Rassias [25] considered mappings f from a normed space into a Banach space such that
the norm of the Cauchy difference f(x + y)− f(x) − f(y) is bounded by the expression
ǫ(‖x‖p + ‖y‖p) for all x, y and some ǫ ≥ 0 and p ∈ [0, 1). The terminology ”Hyers-Ulam-
Rassias stability” was indeed originated from Th. M. Rassias’s paper [25] (see also [8],
[23], [15], [18]).
D. G. Bourgin is the first mathematician dealing with the stability of ring homomor-
phisms. The topic of approximate ring homomorphisms was studied by a number of
mathematicians, see [3, 5, 14, 6, 16, 20, 23, 24] and references therein.
It seems that approximate derivations was first investigated by K.-W. Jun and D.-W.
Park [17]. Recently, the stability of derivations have been investigated by some authors;
see [1, 4, 11, 17, 19, 21] and references therein. In this paper we investigate the Hyers-
Ulam-Rassias stability of n-ring homomorphisms and n-ring derivations.
2. Main result
We start our work with a result concerning approximate n-ring homomorphisms, which
can be regarded as an extension of Theorem 1 of [3].
Theorem 2.1. Let A be a ring, B be a Banach algebra and let δ and ε be nonnegative
real numbers. Suppose f is a mapping from A to B such that
‖f(a+ b)− f(a)− f(b)‖ ≤ ε (2.1)
and that
‖f(Πni=1ai)− Π
n
i=1f(ai)‖ ≤ δ (2.2)
for all a, b, a1, a2, ..., an ∈ A. Then there exists a unique n-ring homomorphism h : A→ B
such that
‖f(a)− h(a)‖ ≤ ε (2.3)
for all a ∈ A. Furthermore,
(Πki=1h(ai))(Π
n
i=k+1f(ai)−Π
n
i=k+1h(ai)) = (Π
k
i=1f(ai)− Π
k
i=1h(ai))(Π
n
i=k+1h(ai)) = 0
(2.4)
for all a1, a2, ..., an ∈ A and all k ∈ {1, 2, ..., n− 1}.
3Proof. Put h(a) = limm
1
2m
f(2ma) for all a ∈ A. Then by Hyers’ Theorem, h is additive.
We will show that h is n-ring homomorphism. For every a1, a2, ..., an ∈ A we have
h(a1a2...an) = lim
m
1
2m
f(2m(a1a2...an)) = lim
m
1
2m
f((2ma1)a2...an)
= lim
m
1
2m
{f((2ma1)a2...an)− f(2
ma1)(Π
n
i=2f(ai)) + f(2
ma1)(Π
n
i=2f(ai))}
≤ lim
m
1
2m
{δ + f(2ma1)(Π
n
i=2f(ai))} (by (2.2))
= h(a1)(Π
n
i=2f(ai)).
Hence
h(a1a2...an) = h(a1)(Π
n
i=2f(ai)). (2.5)
By (2.5) it follows that
h(a1)f(2
ma2)(Π
n
i=3f(ai)) = h(2
ma1a2...an) = 2
mh(a1a2...an)
for all a1, a2, ..., an ∈ A,m ∈ N. Dividing both sides of above equality by 2
m and taking
the limit m→∞. Then we have
h(a1)h(a2)(Π
n
i=3f(ai)) = lim
m
h(a1)
1
2m
f(2ma2)(Π
n
i=3f(ai)) = h(a1a2...an)
Hence by (2.5) we have
h(a1)h(a2)(Π
n
i=3f(ai)) = h(a1a2...an) = h(a1)(Π
n
i=2f(ai)).
Now, proceed in this way to prove that
(Πki=1h(ai))(Π
n
i=k+1f(ai)) = h(a1a2...an) (2.6)
for all a1, a2, ..., an ∈ A and all k ∈ {1, 2, ..., n− 1}. Put k = n− 1 in (2.6), we obtain
(Πn−1i=1 h(ai))f(2
man) = h(2
m(a1a2...an)) = 2
mh(a1a2...an) (2.7)
for all a1, a2, ..., an ∈ A,m ∈ N. Dividing both sides of (2.7) by 2
m and taking the limit
m → ∞, it follows that h is a n-homomorphism. On the other hand h is additive and
h(a) = limm
1
2m
f(2ma) for all a ∈ A. Then we have
(Πki=1f(ai))(Π
n
i=k+1h(ai)) = h(a1a2...an) = (Π
n
i=1h(ai)) (2.8)
for all a1, a2, ..., an ∈ A and all k ∈ {1, 2, ..., n − 1}, and (2.4) follows (2.6) and (2.8).
Obviously the uniqueness property of h follows from additivity. 
Similarly to the proof of Theorem 2 of [3], we can prove the Hyers-Ulam-Rassias type
stability of n-ring homomorphisms as follows.
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Theorem 2.2. Let A be a normed algebra, B be a Banach algebra, δ and ε be nonnegative
real numbers and let p, q be a real numbers such that p, q < 1 or p, q > 1. Assume that
f : A→ B satisfies the system of functional inequalities
‖f(a+ b)− f(a)− f(b)‖ ≤ ε(‖a‖p + ‖b‖p)
and
‖f(Πni=1ai)− Π
n
i=1f(ai)‖ ≤ δ(Π
n
i=1‖ai‖
q)
for all a, b, a1, a2, ..., an ∈ A. Then there exists a unique n-ring homomorphism h : A→ B
and a constant k such that
‖f(a)− h(a)‖ ≤ kε‖x‖p
for all a ∈ A.
Now we will prove the stability of n-ring derivations from a normed algebra into a
Banach module.
Theorem 2.3. Let A be a normed algebra and let X be a Banach A− module. Suppose
the map f : A −→ X satisfying the system of inequalities:
‖f(a+ b)− f(a)− f(b)‖ ≤ ǫ(‖a‖p + ‖b‖p) (a, b ∈ A), (2.9)
‖f(Πni=1ai)− f(a1)Π
n
i=2ai − a1f(a2)Π
k
i=3ai − · · · − Π
n−1
i=1 aif(an)‖ ≤ ǫ(
n∑
i=1
‖ai‖
p) (2.10)
for all a1, a2, ..., an ∈ A, where ǫ and p are constants in R
+ ∪ {0}. If p 6= 1, then there is
a unique n-ring derivation D : A −→ X such that
‖f(a)−D(a)‖ ≤
2ǫ
2− 2p
‖a‖p (2.11)
for all a ∈ A. Moreover if for every c ∈ C and a ∈ A, f(ca) = cf(a), then f = D.
Proof. By Rassias’s Theorem and (2.9), it follows that there exists a unique additive
mapping D : A −→ A satisfies (2.11). We have to show that D is a n-derivation. Let
s = 1−p
|1−p|
, and let a, a1, a2, ..., an ∈ A. For each m ∈ N, we have D(a) = m
−sD(msa),
therefore
‖m−sf(msa)−D(a)‖ = m−s‖f(msa)−D(msa)‖
≤ m−s
2ǫ
2− 2p
‖a‖p‖msa‖p
= ms(p−1)
2ǫ
2− 2p
‖a‖p.
5Since s(1− p) ≤ 0 then we have
lim
m
‖m−sf(msa)−D(a)‖ = 0. (2.12)
Similarly we can show that
‖m−nsf(mnsΠni=1ai)−D(Π
n
i=1ai)‖ ≤ m
ns(p−1) 2ǫ
2− 2p
‖Πni=1ai‖
p.
Therefore we have
lim
m
‖m−nsf(mnsΠni=1ai)−D(Π
n
i=1ai)‖
p = 0. (2.13)
By (2.10), for each m ∈ N we have
‖m−nsf(mnsΠni=1ai)−m
−sf(msa1)Π
n
i=2(ai)−m
−sa1f(m
sa2)Π
n
i=3(ai)
− ...−m−sΠn−1i=1 (ai)f(m
san)‖
= m−ns‖f(Πni=1(m
sai))− f(m
sa1)(Π
n
i=2(m
sai))
−
n−1∑
j=2
Πj−1l=1 (m
sal)f(m
saj))Π
n
l=j+1(m
sal)−Π
n−1
l=1 (m
sal)f(m
san)‖
≤ m−nsǫΠni=1‖m
sai‖
p = mns(p−1)ǫΠni=1‖ai‖
p.
Thus we have
lim
m
‖m−nsf(mnsΠni=1ai)−m
−sf(msa1)Π
n
i=2(ai)−m
−sa1f(m
sa2)Π
n
i=3(ai)
− ...−m−sΠn−1i=1 (ai)f(m
san)‖ = 0 (2.14)
for all a1, a2, ..., an ∈ A. On the other hand we have
‖D(Πni=1ai)−D(a1)Π
n
i=2ai − a1D(a2)Π
n
i=3ai − · · · −Π
n−1
i=1 aiD(an)‖
≤ ‖D(Πni=1ai)−m
−nsf(mnsΠni=1ai)‖+ ‖m
−nsf(mnsΠni=1ai)
−m−sf(msa1)Π
n
i=2(ai)−m
−sa1f(m
sa2)Π
n
i=3(ai)
− ...−m−sΠn−1i=1 (ai)f(m
san)‖
+ ‖m−sf(msa1)Π
n
i=2ai −D(a1)Π
n
i=2ai‖
+ ‖m−sa1f(m
sa2)Π
n
i=3ai − a1D(a2)Π
n
i=3ai‖
+ ...
+ ‖m−sΠn−1i=1 aif(m
san)− Π
n−1
i=1 aiD(an)‖
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for all a1, a2, ..., an ∈ A. According to (2.10), (2.13) and (2.14), if m→∞, then the right
hand side of above inequality tends to 0, so we have
D(Πni=1ai) = D(a1)Π
n
i=2ai + a1D(a2)Π
n
i=3ai + · · ·+Π
n−1
i=1 aiD(an),
for all a1, a2, ..., an ∈ A. Hence D is a n-ring derivation. The uniqueness property of D
follows from additivity. Let now for every c ∈ C and a ∈ A, f(ca) = cf(a), then by
(2.11), we have
‖f(a)−D(a)‖ = ‖m−sf(msa)−m−sD(msa)‖
≤ m−s
2ǫ
2− 2p
‖msa‖p
= ms(p−1)
2ǫ
2− 2p
‖a‖p
for all a ∈ A. Hence by letting m→∞ in above inequality, we conclude that f(a) = D(a)
for all a ∈ A.

Similarly we can prove the following Theorem which can be regarded as an extension
of Theorem 2.6 of [11].
Theorem 2.4. Let p, q be real numbers such that p, q < 1, or p, q > 1. Let A be a Banach
algebra and let X be a Banach A− module. Suppose the map f : A −→ X satisfying the
system of inequalities:
‖f(a+ b)− f(a)− f(b)‖ ≤ ǫ(‖a‖p + ‖b‖p) (a, b ∈ A),
‖f(Πni=1ai)− f(a1)Π
n
i=2ai − a1f(a2)Π
k
i=3ai − · · · − Π
n−1
i=1 aif(an)‖ ≤ ǫ(π
n
i=1‖ai‖
q)
for all a1, a2, ..., an ∈ A, where ǫ and p are constants in R
+ ∪ {0}. Then there exists a
unique n-ring derivation D : A −→ X such that
‖f(a)−D(a)‖ ≤
2ǫ
2− 2p
‖a‖p (2.11)
for all a ∈ A.
The following counterexample, which is a modification of Luminet’s example (see [16]),
shows that Theorem 2.2 is failed for p = 1 (see [3]).
7Example 2.5. Define a function ϕ : R→ R by
ϕ(x) =


0 |x| ≤ 1
.
x ln(|x|) |x| > 1
Let f : R→M3(R) is defined by
f(x) =


0 0 0
ϕ(x) 0 0
0 0 0


for all x ∈ R. Then
‖f(a+ b)− f(a)− f(b)‖ ≤ ε(‖a‖+ ‖b‖)
and
|f(Πni=1ai)− (Π
n
i=1f(ai))| ≤ δ(Π
n
i=1‖ai‖
2)
for some δ > 0, ε > 0 and all a1, a2, ..an ∈ R; see [3]. Therefore f satisfies the conditions
of Theorem 2.2 with p = 1, q = 2. There is however no n-ring homomorphism h : R →
M3(R) and no constant k > 0 such that
‖f(a)− h(a)‖ ≤ kε‖a‖ (a ∈ R) .
Also example 2.7 of [11] shows that Theorem 2.4 above is failed for p = 1.
References
[1] M. Amyari, C. Baak and M. S. Moslehian, Nearly ternary derivations, Taiwanese J. Math. 11 (2007),
no. 5, 1417–1424.
[2] T. Aoki, On the stability of the linear transformation in Banach spaces, J. Math. Soc. Japan.
2(1950), 64-66.
[3] R. Badora, On approximate ring homomorphisms, J. Math. Anal. Appl. 276, 589–597 (2002).
[4] R. Badora, On approximate derivations, Math. Inequal. Appl. 9 (2006), no. 1, 167–173.
[5] J. Baker, J. Lawrence and F. Zorzitto, The stability of the equation f(x+y) = f(x)f(y), Proc. Amer.
Math. Soc. 74 (1979), no. 2, 242–246.
[6] D. G. Bourgin, Approximately isometric and multiplicative transformations on continuous function
rings, Duke Math. J. 16, (1949). 385–397.
[7] J. Bracic and M. S. Moslehian, On automatic continuity of 3-homomorphisms on Banach algebras,
Bull. Malays. Math. Sci. Soc. (2) 30 (2007), no. 2, 195–200.
[8] S. Czerwik, Functional Equations and Inequalities in Several Variables, World Scientific, River Edge,
NJ, 2002.
8 M. ESHAGHI GORDJI
[9] H. G. Dales, Banach Algebras and Automatic Continuity, LondonMath. Soc. Monographs 24, Claren-
don Press, Oxford, 2000.
[10] M. Eshaghi Gordji and M. Filali, Weak amenability of the second dual of a Banach algebra, Studia
Math. 182 (2007), no. 3, 205–213.
[11] M. Eshaghi Gordji and M. S. Moslehian, A trick for investigation of approximate derivations, Sub-
mitted.
[12] Sh. Hejazian, M. Mirzavaziri and M. S. Moslehian, n-homomorphisms, Bull. Iranian Math. Soc. 31
(2005), no. 1, 13–23, 88. (Reviewer: Peter emrl) 47B48 (16N60 46H05)
[13] D. H. Hyers, On the stability of the linear functional equation, Proc. Nat. Acad. Sci. U.S.A. 27
(1941), 222–224.
[14] D. H. Hyers and Th.M. Rassias, Approximate homomorphisms, Aequationes Math. 44 (1992), no.
2-3, 125–153.
[15] D. H. Hyers, G. Isac and Th.M. Rassias, Stability of Functional Equations in Several Variables,
Birkha¨user, Basel, 1998.
[16] B. E. Johnson, Approximately multiplicative maps between Banach algebras, J. London Math. Soc.
(2) 37 (1988) 294–316.
[17] K.-W. Jun and D.-W. Park, Almost derivations on the Banach algebra Cn[0, 1], Bull. Korean Math.
Soc. 33 (1996), no. 3, 359–366.
[18] S.-M. Jung, Hyers–Ulam–Rassias Stability of Functional Equations in Mathematical Analysis,
Hadronic Press, Palm Harbor, 2001.
[19] M. S. Moslehian, Ternary derivations, stability and physical aspects, Acta Appl. Math. 100 (2008),
no. 2, 187–199.
[20] C. Park, Linear derivations on Banach algebras, Nonlinear Funct. Anal. Appl. 9 (2004), no. 3,
359–368.
[21] C. Park, Hyers-Ulam-Rassias stability of homomorphisms in quasi-Banach algebras, Bull. Sci. Math.
132 (2008), no. 2, 87–96.
[22] E. Park and J. Trout, On the nonexistence of nontrivial involutive n-homomorphisms of C∗−algebras,
To appear in Trans. Amer. Math. Soc.
[23] Th. M. Rassias, The problem of S. M. Ulam for approximately multiplicative mappings, J. Math.
Anal. Appl. 246 (2000), no. 2, 352–378.
[24] Th. M. Rassias, On the stability of functional equations and a problem of Ulam, Acta Appl. Math.
62 (2000), no. 1, 23–130.
[25] Th. M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Amer. Math. Soc. 72
(1978) 297-300.
[26] S. M. Ulam, Problems in Modern Mathematics (Chapter VI, Some Questions in Analysis: §1, Sta-
bility), Science Editions, John Wiley & Sons, New York, 1964.
Department of Mathematics, Semnan University, P. O. Box 35195-363, Semnan, Iran
E-mail address : madjid.eshaghi@gmail.com
